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1. INTRODUCTION 
If a is a commutative Banach algebra with I over the complex 
numbers C, then for {Ai 1 i = 1, 2,..., n} in G? we say that the point 
x = (A, , A, )...) Am) of C” is in the j&t spectrum u(A, ,..., A,) of the 
(A,) if there is a homomorphism h : 6l! --+ C such that 
h(AJ = hiI i = 1, 2 ,..., 7t. 
This notion was first introduced by Arens and Calderon 111. By 
Zorn’s lemma and elementary facts about Banach algebras (cf. [a]) 
is is easily seen that h is in u(Ar ,..., A,) if and only if the ideal in a 
generated by A, - h, ,..., A, - X, is proper. Equivalently, X is not 
in c(Al ,..., A,) if and only if there are Bi in Q? such that 
(1.1) 
In this paper we shall be interested in the joint spectra of commuting 
sets of operators on the Hilbert space. In particular, we are concerned 
with the existence of operator-theoretic characterizations of the joint 
spectrum in certain Abelian algebras, UZ, of operators. Since the 
algebras in question contain the scalars, it will suffice to give necessary 
and sufficient conditions on the Ai for there to exist Bi in @ such that 
$B,A, = 1. U.2) 
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The finding of solutions Bi in 67 for (1.2) will be called the interpolation 
problem for {Ab} in 0L. 
It should be noted that the interpolation problem for one element A 
is just the problem of finding an inverse for A in GZ. In this case, 
if a;! is inverse-closed, the necessary and sufficient operator-theoretic 
conditions are that 
for some 6 > 0 and all f in the Hilbert space. This suggests the 
following: 
CONJECTURE. If Cn is “sufficiently large,” the interpolation 
problem for A, ,..., A, is solvable in G! if and only if there is an c > 0 
such that 
for all f in the Hilbert space. 
Under a suitable definition of “sufficiently large” we shall see that 
this conjecture is true in case the operators A, are normal. We also 
prove the conjecture for some special sets of non-normal operators. 
In general, however, the conjecture remains open. It should be noted 
that the necessity of (1.4) for the interpolation of arbitrary {AJ is clear. 
In addition to the above we show that a weakened version of the 
conjecture holds for certain non-Abelian algebras of operators. More 
particularly, suppose 6Y is a Banach algebra of operators such that r3! 
contains the full algebra of compact operators Z and ~/LX? is Abelian. 
We call such an algebra almost-Abelian. For A,, A, ,..., A, in GZ; 
we say the {A,} are nearly-interpolated in (3 if there are Bz in Q! such 
that 
n 
2 B,A, = 1 + K 
i=l 
V-5) 
for some K in Z. If 7r is the natural quotient map from the algebra 
.93(H) of all bounded operators on Hilbert space onto SY(H)/X, then 
it is clear that the (A,} are nearly-interpolated in ol if and only if the 
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+(A,)) can be interpolated in GY/X. We shall prove that a necessary 
and sufficient condition for nearly-interpolating {A,} in an “adequate” 
almost-Abelian algebra GZ can be given, analogously to (1.4), provided 
is compact for each i = 1,2 *a* n. This result is applied to the algebra 
of singular integral operators [II] and the C*-algebra generated by 
the simple unilateral shift [5]. Finally, in the concluding section of 
the paper we study the relation between the joint spectrum and 
polynomials in operators. 
2. INTERPOLATION IN ABELIAN ALGEBRAS 
We now give a precise definition of a “sufficiently large” Abelian 
algebra of operators. 
DEFINITION 1. An Abelian, uniformly-closed algebra of operators 
with 1 is su@%ntZy large (S.L.) if 
(i) GY is inverse-closed, and 
(ii) if A is a normal element of @, then A* is in 0. 
THEOREM 1. The followiq algebras are S.L.: 
(i) maximal Abelian algebras, 
(ii) Abel&z C*-algebras, 
(iii) the double-commutant of any set of commuting operators. 
Proof. It is easy to check that (iii) is Abelian and that (i) and (iii) 
are inverse-closed. That (ii) is inverse-closed follows from polar 
factorization of operators and the spectral inclusion theorem [8, p. 1301. 
That (ii) contains adjoints of normal elements is trivial. That (i) and 
(iii) contain adjoints of normal elements follows from Fuglede’s 
theorem [7]. 
As noted in the introduction, the necessity of (1.4) for interpolating 
arbitrary {A,} is clear. We include a proof for completeness. 
PROPOSITION 1. If the interpolation problem for A, , A, ,..., A, in 
an S.L. algebra GY is sokuble, then (1.4) must hold. 
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Proof. By the statement of the interpolation problem, there must 
be Bi in GZ with 
5 A,B, = 1 = c B,A, . 
i=l i=l 
(2.1) 
Hence, for any f in H, 
where M = maxi/ Bi 11. Th e inequality of (2.2) and the corresponding 
result achieved by taking adjoints in (2.1), give rise to (1.4). 
Next we give a proof of the conjecture for normal A, . In this case, 
one of the inequalities in (1.4) is redundant and in view of Proposition 1 
we need only show 
THEOREM 2. If Ai ,..., A, are normal operators in an S.L. algebra LY 
and if there is an E > 0 such that 
(2.3) 
for all f in H, then the interpolation problem for the A, is solvable in a. 
Proof. Let 
W = i A:A, . (2.4) 
i-l 
Since a is S.L., W is in GZ. Moreover, we have 
FfJ) = i (A,*AJf) = i II Aifl12. 
i=l i=l 
(2.5) 
Combining (2.3), (2.5) and the elementary inequality for positive 
numbers 
gives 
PvLf) 2 ; Ilfll”. (2.7) 
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So by the Cauchy-Schwarz inequality 
I! wfll z f llfll, (2.8) 
and since W = IV* we see that W is an invertible operator. It follows 
that W-l is in OZ and 
5 (W-lAf) A, = 1. (2.9) 
i=l 
Therefore the interpolation problem is solved. 
There is a class of non-normal operators for which the conjecture 
is also true. Let C(Sl) be the sup norm algebra of all continuous 
complex-valued functions on the unit circle S1 and let A be the 
uniformly-closed subalgebra generated by polynomials in the complex 
variable a. Further, let p be the normalized Haar measure on S1 and 
let L2 be the usual Hilbert space of p-square-integrable functions on S1. 
Denote by H2 the L2-closure of A, write L” for the essentially-bounded 
functions in L2 and set H” z L” A H2. For 4 in H”, we can define 
a bounded operator on H2 by 
TJ = +f. (2.10) 
This operator is called the analytic Toeplitz operator associated 
with $ in [2]. It is well known that /] TQ Jj = j/ 4 Jj and the class of all 
analytic Toeplitz operators is a maximal Abelian algebra of operators [2]. 
In view of Proposition 1, the conjecture is established for this algebra 
bY 
THEOREM 3. If T+, , T+, ,..., T+, are analytic Toeplitx operators and 
if there is an E > 0 such that 
(2.11) 
for all f in H2, then the interpolation problem for the T+, is solvable in 
the algebra of all analytic Toeplitz operators. 
Proof. Let B%(X) be the analytic function in the open unit disc 
with boundary values #Q . For each X in the open unit disc, 1 h j < 1, 
consider the function 
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in H2. It is known and easy to check that 
It follows from (2.11) and (2.13) that 
for all h with 1 X 1 < 1. Then by the solution to the Corona problem [4] 
there are functions #i in H” with 
so that 
(2.15) 
(2.16) 
and the interpolation problem for the T+. is solved. 
The proof of Theorem 3 gives some kidence for the difficulty of 
a more general verification of our conjecture. It also explains our use 
of the word “interpolation”. 
3. NEAR-INTERPOLATION IN ALMOST-ABELIAN ALGEBRAS 
To proceed further we need a definition of an “adequate” almost- 
Abelian algebra. 
DEFINITION 2. A uniformly-closed algebra of operators a with 1 
is adequate if X C a, cpl/X is Abelian, 
(i) OL is inverse-closed, and 
(ii) ifAisinGslandA*A-&l*isinX,thenA*isinGZ. 
THEOREM 4. An almost-Abelian algebra 02 with 1 is adequate if 
(i) 67/X is maximal Abelian in S?(H)/%, 
(ii) a/S is an Abelian C*-algebra, 
(iii) a/X is the double-commutant of a set of operators which 
commute mod LX?. 
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Proof. (i) Suppose A is in C!! and A has inverse A-l in B(H). 
Then r(A-l) is the inverse for r(A). Since GZ/X is maximal Abelian 
in .@(H)/X, it follows that r(A-l) = r(B) for some B in a. Hence 
A-l = B + K for some compact K and since .X C O!, we see that 
A-l is in a. Thus G? is inverse-closed. To verify the second condition 
note that if A is in GI with A*A - AA* in Z, then r(A) is normal 
in a/X. Now a(H)/%” can be regarded as a C*-algebra of operators 
on some Hilbert space. Hence Fuglede’s theorem [7] can be applied 
to a(A) to show that ?r(A*) is in O!/X and it follows that A* is in a. 
(ii) Again suppose A is in GY with A-l in .68(H). Then T(A-l) is 
the inverse for w(A) in B(H)/%. S ince Q?/X is a C*-algebra, it follows 
that T(A-~) is in a/Y, so A-1 is in CY since X C a. To check the 
second condition note that if A is in GY, then rr(A*) is in a/X so there 
is a B in GY with A* = B + K for some Kin %. But XC@, so 
A* is in @. 
(iii) Fuglede’s theorem applied to a/Z. 
We can now give the promised result on near-interpolation. 
THEOREM 5. Let GI be an adequate subalgebra of k@(H) containing 
the operators A, , A, ,..., A, . If the rr(AJ are normal, then the A, can 
be nearly-interpolated in 6?l if and only if there is a seminorm ) j compact 
relative to the norm of H, and a constant C such that 
(3.1) 
for all f in H. 
Proof. First, suppose the A, can be nearly-interpolated in a. 
Then there are B$ in O& by (1.5), so that for some K in X 
i BiAi = 1 + K. 
i-l 
(3.2) 
Thus we have 
llfll < i II WW + II Wll < i II &II II Aifll + II Wll- (3.3) 
i-l t-1 
Choosing C = maxi] Bi I] and If / = 11 Kf 11 gives (3.1). 
Conversely, assume that (3.1) holds. Let N be the subspace of all f 
in H such that 
&f = 0, i = 1, 2 ,...) 11, 
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and let P be the orthogonal projection of H onto N. We claim that 
there is a constant D such that for all f in H 
IIU - P)fll G D i II 4fll. 
i=l 
(3.4) 
If not, there would be a sequence of elements {fk} in H such that 
IIV - P)f* II = 1, II 4fk II -+ 0 as k-co, i=l,2 ,..., n. 
We would then be able to extract a sub-sequence (also denoted by { fk}) 
such that (1 - P) fk converges in the seminorm 1 I. Thus, by (3.1), 
IIU - p>(f/c -h>ll G $ II Ai(fk -ft)ll + IV - J’>cfk -.M. (3.5) 
Since the right-hand side of (3.5) goes to zero as k, G go to infinity, 
we see that (1 - P) fk --f w in Nl and 11 w 11 = 1. On the other hand, 
A,(1 - P)f, = Aifk+ 0 as k-too 
for each i = 1, 2,..., n so that w is in N. This contradiction shows 
that (3.4) holds. 
Now let 
W = 2 A;A, . (3-e) 
i=l 
Since GL? is adequate, W is in GZ. As in the proof of Theorem 2, we 
note that 
(wf,f) = i II Aif l12. (3.7) 
i=l 
Combining the elementary inequality (2.6) with (3.4), (3.7) and the 
Cauchy-Schwarz inequality, yields 
IIU - P)f II2 G D241 Wf II Ilf IL (3.8) 
If ( fk} is a sequence of elements in N satisfying 11 fk 11 = 1, then 
there is a sub-sequence converging in the seminorm I I. By (3.1), this 
sub-sequence converges in the norm of H. Thus the unit ball of N 
is compact and so N must be finite-dimensional. Clearly, N is contained 
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in the null space of W and by (3.8) the reverse inclusion is also clear. 
Further, iffis in Nl, then 
llfll = II (1 - f?fll (3.9) 
and by (3.8) 
ilfll G D2nll wfll. (3.10) 
Hence W is bounded from below on NJ- and so W has closed range. 
Since Wis self-adjoint, it is now easy to check that W + P is invertible 
in g(H). Because P is in ~6 and Q? is inverse-closed and contains %, 
we see that (W + P)-’ is in GY. Hence, 
~l[(w+P)-lA:]A = 1 -((wiP)-lP (3.11) 
and since (W + P)-‘P is in Z, the proof is complete. 
COROLLARY. Let GZ be a C*-algebra of operators such that X C CS! 
and 021% is Abelian. If A, ,.. ., A, are any elements of CT, then the Ai 
can be nearly-interpolated in 02 if and only if (3.1) holds. 
Proof. By Theorem 4, G!! is adequate and clearly r(A) is normal 
for every A in 0!. Thus Theorem 5 gives the result. 
4. APPLICATION TO SINGULAR INTEGRAL OPERATORS 
We now consider certain bounded operators on L2(Rn, v) where 
Rn is the Euclidean n-space and v is the Haar measure. Let + be any 
infinitely-differentiable function with compact support in R” and let 
5 be any function infinitely-differentiable on R” - {0} which is 
homogeneous of degree zero. If F denotes the Fourier transform 
operator from L2(Rm, v) onto itself, then we will be concerned with 
operators of the form 
JGf = +f, Rif =F-l(t .Ff). 
We let $9 be the uniformly-closed algebra of operators generated by 
all M+ and R, . The algebra ‘Z is clearly a C*-algebra. Further, we 
have 
PROPOSITION 2. The algebra V contains the full algebra S? of all 
compact operators on L2(Rn, v). 
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Proof. It is well known that % is not Abelian and that every 
commutator in V (i.e., operator of the form AB - BA for A, B in %?) 
is in Z [II]. Hence V r\ % # (0). It is also known that V is 
irreducible [3]. The desired result now follows from [6, p. 851. 
The algebra V, termed the algebra of singular integral operators, 
was studied by Seeley in [II]. He showed that there is a *-isomorphism 
6 (the symbol) mapping V/X onto C(Sffl x S--l), the algebra of all 
continuous functions on the Cartesian product of the n-sphere and 
the (n - 1) sphere. 
THEOREM 6. If A, ,..., A, are in V, then there is a constant C and 
a seminorm / ) compact relative to the norm of L2(Rn, v), such that 
(4.1) 
for all f in L2(Rn, v) if and only if the functions +(A,)] have no common 
Zl??-0. 
Proof. By the Corollary to Theorem 5, a necessary and sufficient 
condition for (4.1) is that (0, 0, O,..., 0) not be in the joint spectrum 
cr(~[r(AJ], 6[r(A2)],..., 6[7~(A,)]) in C(P x P-l). The desired 
result then follows from the fact that the only complex homomorphisms 
of C(Sn x S”-1) are point evaluations at points of Sn X P--l. 
On the basis of Theorem 6, a collection of operators A, ,..., A, in V, 
with e[r(A,)] having no common zero, can be called “collectively 
elliptic” (cf. [9]). 
5. APPLICATION TO THE C*-ALGEBRA GENERATED BY THE SHIFT 
Using the notation introduced in the last part of Section 2, let P 
be the orthogonal projection from L2 onto H2 of the unit circle S. 
For + in C(P) we can define the Toeplitz operator T6 on H2 (cf. [2]) by 
T.#f = P($f )* 
Since {.zP J n = 0, 1,2,...) is a basis for H2, the Toeplitz operator T, 
is just the simple unilateral shift on H2. In this section we will apply 
the Corollary to Theorem 5 to the C*-algebra O!(T,) generated by T, 
and T$ . 
Let X be the algebra of all compact operators on H2. It is known 
that GZ(T,) consists precisely of all sums T+ + K for $ in C(P) and 
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K in X [.5]. Further, a(T and C(Sl) are *-isomorphic under the 
map n(T,) +j 4 PI* 
THEOREM 7. If A, = T,+, + Ki i = 1, 2 ,..., n are in a( T,), then 
there is a constant C and a seminorm 1 1 compact relative to the norm 
of H2 such that 
llfll G cd; II -WI + If I (5.1) 
for all f in H2 if and only if the functions +i have no common zero. 
Proof. The same argument as in Theorem 6. 
6. FUNCTIONS OF OPERATORS 
Let GY be an Abelian Banach algebra with unit containing the 
elements A, ,..., A, . Let P(z, ,..., zn) be a polynomial in n variables. 
There is a connection between the spectrum of P(A, ,..., A,) as an 
element of 0! and the joint spectrum o(A, ,..., A,) of the A, . In fact, 
we have 
PROPOSITION 3. 
+Y4 ,-em, &)I = P(@, ,***, 4)) (6.1) 
Proof. Let h be a homomorphism from CZ to C. Then 
WV, >--*, AJI = ~(W,L 44). (6.2) 
By Gelfand’s theorem (see [8, p. 136]), X E u(P) if and only if there is 
a homomorphism h : @ +C such that X = h(P). But (A1 ,..., &J is 
in u(A, ,..., A,) if and only if hi = h(AJ for some h. Combining these 
facts with (6.2) gives (6.1). 
Note that Proposition 3 is a generalization of the spectral mapping 
theorem for polynomials. 
Now let A, ,..., A, be operators in an almost-Abelian algebra 
(with unit) a such that a/Z is inverse-closed in .@(H)/X. We define 
the @-set @(A, ,..., A,) of the A, as the set of those (h, ,..., h,) in C” 
such that the operators A k - h, are nearly-interpolated in C?!. One 
checks easily that @(A, ,..., A,) is open in Cm. The complement of 
@(A i ,..., A,) in C? is called thejoint essentialspectrum of the A, ,... A, 
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and is denoted by cre(A, ,..., A,). Clearly, if KI ,..., K, are compact 
operators, then 
%(A1 + Kl ,---, A, + Kz) = 4% ,..., A,). 
Since a/X is inverse-closed, it is easy to see that a,(A) is just the 
usual essential spectrum of the operator A [IO]. Let P(z$ ,..., zn) be 
a polynomial in n variables. Then we have 
THEOREM 8. If A E GT satisfies 
44 = J’H4),..., +%d), 
then 
o,(A) = f’(&% s-e., A,)). 
Proof. We note that (A1 ,..., A,) E u,(A, ,..., A,) if and only if it is 
in o(r(A1),..., n(A,)). We now apply Proposition 3. 
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